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Abstract
Following hep-th/0309238 relating the matrix string theory to the light-cone super-
string field theory, we write down two supercharges in the matrix string theory explicitly.
After checking the supersymmetry algebra at the leading order, we proceed to discuss
higher-order contact terms.
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1. Introduction
String field theory is a standard off-shell formalism to describe fundamental string
interactions in the perturbative way. Recently its importance is recognized in various
contexts. Among others, the success in the PP-wave/SYM correspondence is remarkable.
(See [1] for reviews and [2] for recent progress.) The dilatation matrix elements calculated
in perturbative SYM theory were found to match completely with the Hamiltonian matrix
elements of the corresponding states in PP-wave light-cone string field theory after a basis
change [3]. What is surprising is that, the matching goes beyond the cubic interaction: even
the contact term was found to match if we truncate the intermediate states to a particular
sector [4][5]. However, we have to confess that our understanding of the contact terms is
very restricted and the meaning of this truncation still needs to be clarified. Although
there is a canonical method to discuss the contact terms using the supersymmetry algebra,
various questions related to its general structure remain unanswered. The main difficulty
consists in its notorious complexity of the algebra.
Last summer, Dijkgraaf and Motl [6] revisited the matrix string theory [7][8], another
proposal to describe the fundamental string interaction. They related very extensively the
matrix string theory to the light-cone superstring field theory in the flat space [9] and also
came up with an interesting proposal on the contact term. Since on the string field theory
side we have a systematic method to discuss the contact term from the supersymmetry
algebra, it is very tantalizing to apply this method directly to the matrix string theory.
This is our main theme in this paper. We hope we can avoid the complexity of the algebra
on the string field theory side in this way and present a systematic calculation to prove or
disprove the contact term proposal of [6]. We will see later that our method, though still
has many problems, looks somewhat promising.
Another motivation for our present work is as follows. In Witten’s bosonic cubic string
field theory [10], besides the operator formalism [11], we have another CFT formalism
[12]. It should be good to have more than one description, because physical observables
sometimes appear to be anomalous in the string field theory [13][14]. We hope the matrix
string theory will serve as another formalism for the light-cone superstring field theory and
studying the matrix string theory will give us insights on the light-cone string field theory,
and vice versa.
The contents of the rest of this paper is as follows. We start with reviewing the light-
cone superstring field theory in section two. Instead of going into the details of this theory,
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we only focus on the conceptual part. Especially, we explain how light-cone superstring
interactions are determined from supersymmetry algebra. After that, we proceed to the
matrix string theory in section three, explaining our strategy to the interaction terms by
mimicking the light-cone superstring field theory. Following this strategy, we check the
supersymmetry algebra at the first non-trivial stringy level in section four and proceed to
discuss some problems in calculating the contact term in section five.
2. Conceptual review of light-cone superstring field theory
In this section we shall review the light-cone superstring field theory [9]. The light-
cone superstring field theory is constructed by generalizing the light-cone quantization of
string theory in Green-Schwarz formalism. Hence, the start point is the covariant string
worldsheet action with spacetime supersymmetries. Since we cannot quantize the action
covariantly, we have to choose the light-cone gauge. After the gauge-fixing, the light-cone
Hamiltonian and two supercharges read
H0 =
∫ 2pi
0
dσ
2pi
1
4
(
(P i)2 + (X i′)2 + θαθα′ + θ¯αθ¯α′
)
,
Qα˙0 =
∫ 2pi
0
dσ
2pi
γiαα˙θ
α(P i +X i′),
Q˜α˙0 =
∫ 2pi
0
dσ
2pi
γiαα˙θ¯
α(P i −X i′),
(2.1)
with θα being the Green-Schwarz fermions. These charges satisfy the supersymmetry
algebra
{Qα˙0 , Qβ˙0} = {Q˜α˙0 , Q˜β˙0} = 2Hδα˙β˙ , [Qα˙0 , H0] = [Q˜α˙0 , H0] = 0, (2.2)
with two supercharges being independent:
{Qα˙0 , Q˜β˙0} = 0. (2.3)
Note that in the closed string theory we have the level-matching condition, relating the
left-moving modes to right-moving modes. The algebra holds up to this constraint.
So far we only have the free part. To construct the light-cone superstring field theory,
we have to include the interaction part
H = H0 + gsH1 + g
2
sH2 + · · · ,
Qα˙ = Qα˙0 + gsQ
α˙
1 + g
2
sQ
α˙
2 + · · · ,
Q˜α˙ = Q˜α˙0 + gsQ˜
α˙
1 + g
2
sQ˜
α˙
2 + · · · ,
(2.4)
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respecting the full supersymmetry algebra order by order
{Qα˙, Qβ˙} = {Q˜α˙, Q˜β˙} = 2Hδα˙β˙ , [Qα˙, H] = [Q˜α˙, H] = 0. (2.5)
Besides, as in the free case, we require two supercharges to be independent:
{Qα˙, Q˜β˙} = 0. (2.6)
More explicitly, if we concentrate only on one of the two supercharges, (2.5) will become
{Qα˙0 , Qβ˙0} = 2H0δα˙β˙ , [Qα˙0 , H0] = 0,
{Qα˙0 , Qβ˙1}+ {Qα˙1 , Qβ˙0} = 2H1δa˙b˙, [Qα˙0 , H1] + [Qα˙1 , H0] = 0,
{Qα˙0 , Qβ˙2}+ {Qα˙1 , Qβ˙1}+ {Qα˙2 , Qβ˙0} = 2H2δα˙β˙ , [Qα˙0 , H2] + [Qα˙1 , H1] + [Qα˙2 , H0] = 0.
(2.7)
At the first non-trivial order, Qα˙1 , Q˜
α˙
1 andH1 were solved in [9]. Since these interaction
vertices relate two strings Hilbert space to one string Hilbert space, it is best to represent
them as ket states:
|H1〉123 = Z¯iZjvij(Λ)|V 〉123,
|Qα˙1 〉123 = Z¯isiα˙(Λ)|V 〉123,
|Q˜α˙1 〉123 = Zis˜iα˙(Λ)|V 〉123.
(2.8)
Here |V 〉123 represents the geometrical overlapping of two strings and one string. The
quantities Zi, Z¯i and Λa are, roughly speaking, the renormalized operators of holomor-
phic part of bosonic momentum P i −X i′, anti-holomorphic part P i +X i′ and fermionic
momentum λ evaluated at the interaction point respectively and vij , siα˙ and s˜iα˙ are some
complicate polynomials of Λ.
Apparently, there are many questions related to this construction [15]. Does this
expansion end at this order? If not, how do the terms of the next order Qα˙2 , Q˜
α˙
2 and H2
look like? Can we compute the terms up to arbitrary order or do we have to calculate
order by order? However, the present formalism is complicated and we do not have a
satisfactory answer to these questions.
3. Matrix string theory
Let us turn to the matrix string theory [8]. The matrix string theory proposal was
motivated by compactifying [16][7] M(atrix) theory [17] on one dimension. The definition
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of the matrix string theory is the low energy effective action of the two-dimensional super
Yang-Mills theory. When the theory flows to the IR limit, it will look like a free theory
of string bits propagating in the moduli space with the Hamiltonian and the supercharges
given by
H0 =
N∑
m=1
∫ 2pi
0
dσ
2pi
1
4
(
(P im)
2 + (X i′m)
2 + θαmθ
α′
m + θ¯
α
mθ¯
α′
m
)
,
Qα˙0 =
N∑
m=1
∫ 2pi
0
dσ
2pi
γiαα˙θ
α
m(P
i
m +X
i′
m),
Q˜α˙0 =
N∑
m=1
∫ 2pi
0
dσ
2pi
γiαα˙θ¯
α
m(P
i
m −X i′m).
(3.1)
Here the index m denotes each of the string bits.
To incorporate the interaction terms, we have to return slightly from the complete
IR limit and consider the least irrelevant operator. The first non-trivial order of the
Hamiltonian in matrix string theory is conjectured to be
H1 =
∑
m<n
∫ 2pi
0
dσ
2pi
([τ iτ¯ j ]ΣiΣ¯j)(mn). (3.2)
Here all the fields are twist fields or spin fields exchanging m-th and n-th string bits. If
we take [σσ¯](z, z¯) to be the twist field in the bosonic sector, which corresponds to the
anti-periodic ground state |0〉AP, [τ iτ¯ j ](z, z¯) is the excited twist field, corresponding to
αi−1/2α¯
j
−1/2|0〉AP. Note that the twist field [σσ¯](z, z¯) do not decouple to the holomorphic
part σ(z) and the anti-holomorphic part σ¯(z¯), though we symbolically use this notation.
The spin fields of the fermionic sector can be classified by 8v and 8c, therefore we denote
them as Σi and Σα˙. Here we take fields with integer (half-integer) dimension to be bosons
(fermions).
One evidence for this interaction term is the dimension counting. The conformal
dimension of the least irrelevant operator (3.2) is (3/2,3/2). This fact corresponds beauti-
fully to the fact that the first non-trivial interaction should be proportional to the string
coupling gs. Another evidence is the idea of supersymmetry. Also, it was shown [18] that
the Veneziano amplitude is reproduced from this interaction term.
Besides, in [6] the relation between the matrix string theory and the light-cone super-
string field theory was made explicit. They found the quantities vij , siα˙ and s˜iα˙ appearing
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in the first non-trivial order in the light-cone superstring field theory (2.8) are related
respectively to
vij ⇔ ΣiΣ¯j , siα˙ ⇔ Σα˙Σ¯i, s˜iα˙ ⇔ ΣiΣ¯α˙, (3.3)
in the matrix string theory. Therefore, comparing (3.2) with the first line of (2.8), we find
a complete match. Moreover, it is very plausible to write down the supercharges at the
first non-trivial order as
Qα˙1 = −
√
2
∑
m<n
∫ 2pi
0
dσ
2pi
([στ¯ i]Σα˙Σ¯i)(mn),
Q˜α˙1 = −
√
2
∑
m<n
∫ 2pi
0
dσ
2pi
([τ iσ¯]ΣiΣ¯α˙)(mn).
(3.4)
where [τ iσ¯](z, z¯) and [στ¯ i](z, z¯) correspond respectively to αi−1/2|0〉AP and α¯i−1/2|0〉AP.
Note that, we can rewrite the integral of σ in terms of the holomorphic coordinate z
or the anti-holomorphic one z¯. Although for a conserved charge
Q =
∫
C
dzj + dz¯j¯, (3.5)
j and j¯ must satisfy
∂¯j − ∂j¯ = 0, (3.6)
we have not succeeded in separating the expressions of (3.2) or (3.4) into j and j¯. So, in
(3.2) and (3.4) the integral contour is considered to be strictly the circle centered at the
origin.
It is very important to work out the supersymmetry algebra, because the supersym-
metry algebra is the main guiding principle in constructing the light-cone superstring field
theory. As reviewed in the previous section, to investigate the contact terms, we have to
calculate (2.7) in higher orders. For that purpose we start with the leading order. In the
following sections, we shall elaborate the supersymmetry algebra at the first non-trivial
order and then proceed to the contact terms.
4. Supersymmetry at the leading order
In this section, we shall check the supersymmetry algebra at the leading order. Note
that, conceptually we have already known the result, because at this order the supersym-
metry algebra was worked out in the light-cone superstring field theory by [9], and its
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relation to the matrix string theory was explored by [6]. Technically, the supersymme-
try algebra was mostly worked out in the original paper [8], except a few details about
including both the holomorphic and anti-holomorphic parts and about confirming the in-
dependence between two supercharges (2.6). However, we believe that it is important to
make the leading order supersymmetry algebra clear at this point.
Let us begin with the free part. We would like to show the first line of (2.7). First of
all, we have to rewrite the expressions (3.1) in terms of the holomorphic coordinates:
H0 = −1
2
∫
dz
2pi
z
(
(∂X i)2 + θα∂θα
)
,
Qα˙0 =
∫
dz
2pi
√
izγiαα˙θ
α∂X i.
(4.1)
Here we drop the indices for the string bit (m in (3.1)). Since there is no interaction
between string bits in the free case, we pick up a particular string bit and sum them
up after the calculation. Also, the Hamiltonian can be written in terms of either the
holomorphic variable or the anti-holomorphic one because we always restrict our Hilbert
space to the subspace satisfying the level-matching condition, but we shall choose the
holomorphic one here.
In the calculation we need the OPE of ∂X i and θa between themselves. Since they
are free fields, the OPE are just
∂X i(z) · ∂Xj(0) ∼ −δ
ij
z2
+ : ∂X i∂Xj : (0) +O(z),
θα(z) · θβ(0) ∼ δ
αβ
z
+ : θαθβ : (0) +O(z).
(4.2)
Using these OPE we can calculate the commutation relation by the usual trick of deforming
the contours at the same radius into a small one encircling the singularity. The relation
{Qα˙0 , Qβ˙0} = 2H0δα˙β˙ is fairly easy to show, though in calculating [Qα˙0 , H0] we find
[Qα˙0 , H0] =
∫
0
dw
2pi
∫
w
dz
2pi
√
iz(−w)
(
−3γ
i
αα˙θ
α∂X i(w)
(z − w)2 −
∂(γiαα˙θ
α∂X i)(w)
z − w
)
. (4.3)
After expanding
√
z and picking up the residue, we have to integrate by parts in the second
term to show both terms cancel identically.
Relations for the other supercharge Q˜α˙0 can be found in the same way. Since holo-
morphic fields and anti-holomorphic fields do not have non-trivial OPE, we also find our
choice for two supercharges is good: they anti-commute with each other, {Qα˙0 , Q˜β˙0} = 0.
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Now let us proceed to the first non-trivial order. For this purpose, let us rewrite (3.2)
and (3.4) as
H1 =
∫
dz
2pi
√
iziz
3/2
([τ iτ¯ j ]ΣiΣ¯j),
Qα˙1 = −
√
2
∫
dz
2pi
iz
3/2
([στ¯ j]Σα˙Σ¯j).
(4.4)
Here we drop the string bit indices (mn) again. We shall fix one particular pair (mn) of
the string bits in the first order expression (4.4) and rewrite the quadratic terms of this
pair in (4.1) into sum and difference:
OmPm +OnPn = Om +On√
2
Pm + Pn√
2
+
Om −On√
2
Pm − Pn√
2
, (4.5)
with O and P being X i or θα. Since the first order expression (4.4) with indices (mn)
exchanges two string bits m and n, it have non-trivial OPE only with the difference term
in (4.5). After this calculation we sum up over our choice (mn). In other words, our
expression at the zeroth order (4.1) has the implicit indices (mn) now, meaning each
operator is the difference of that with index m and that with n.
Now we need some non-trivial OPE. These OPE are evaluated in our appendices.
∂X i(z) · σ(0) ∼ η
∗
√
z
(
τ i(0) +O(z)
)
,
∂X i(z) · τ j(0) ∼ η
∗
√
z
(
δij
2z
σ(0) +
δij
4
∂σ(0) +
(
τ ij − δ
ij
4
∂σ
)
(0) +O(z)
)
,
θα(z) · Σα˙(0) ∼ η
∗
√
2z
(
γiαα˙Σ
i(0) +O(z)
)
,
θα(z) · Σi(0) ∼ η
∗
√
2z
(
γiαα˙Σ
α˙(0) +
z
2
γiαα˙∂Σ
α˙(0) + 〈?〉zuiα
α˙β˙γ˙
Σα˙Σβ˙Σγ˙(0) +O(z2)
)
,
(4.6)
with η∗ = exp(−ipi/4) and uiα
α˙β˙γ˙
= −γij
[α˙β˙
γjγ˙]α. As we noted previously, the twist fields do
not decouple between the holomorphic parts and the anti-holomorphic parts in general.
We write down the first two formulas in this way because they hold independently of
excitations by anti-holomorphic bosons. Also, 〈?〉 in the third relation means a coefficient
which is not fixed. Fortunately, this is not necessary in our calculation. The doubly
excited twist field τ ij relates to αi−1/2α
j
−1/2|0〉AP and the expression in the parenthesis
(τ ij − δij∂σ/4) denotes the traceless combination, which has no singularity in OPE with
σ itself. Also, the twist field and the spin field are primary fields, so we have
Tb(z) · σ(0) ∼ 1
2z2
σ(0) +
1
z
∂σ(0) +O(z0),
Tf (z) · Σα˙(0) ∼ 1
2z2
Σα˙(0) +
1
z
∂Σα˙(0) +O(z0),
(4.7)
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with Tb and Tf being the boson part and fermion part of the energy momentum tensor,
respectively:
Tb = −1
2
: ∂X i∂X i :, Tf = −1
2
: θα∂θα : . (4.8)
Using all these OPE, a proof of supersymmetry algebra is possible. With the help of
following two formulas,
[Qα˙0 , σΣ
β˙(w)] = −
√
iw√
2
γiαα˙γ
j
αβ˙
τ iΣj(w),
{Qα˙0 , τ iΣi(w)} = −
√
2i√
w
(
σΣα˙(w) + w∂(σΣα˙)(w)
)
,
(4.9)
we can prove the first non-trivial order of the supersymmetry algebra, the second line of
(2.7),
{Qα˙0 , Qβ˙1}+ {Qα˙1 , Qβ˙0} = 2H1δa˙b˙, [Qα˙0 , H1] + [Qα˙1 , H0] = 0, (4.10)
as well as independence between two supercharges:
{Qα˙0 , Q˜β˙1}+ {Qα˙1 , Q˜β˙0} = 0. (4.11)
5. Discussion on contact terms
Now we have proved the supersymmetry algebra at the first non-trivial order. Let us
proceed to discuss the contact terms in the systematic method as summarized in section
2.
As is obvious by now, our strategy to the contact terms is to calculate {Qα˙1 , Qβ˙1} in
(2.7) and try to determine the next order Qα˙2 and H2. Here we have not succeeded in this
goal. We only discuss some problems of this calculation.
We have three types of terms for {Qα˙1 , Qβ˙1}, depending on relative interaction points:
{Qα˙1(kl), Qβ˙1(kl)}, {Qα˙1(kl), Qβ˙1(lm)}, and {Qα˙1(kl), Qβ˙1(mn)}. As discussed in [6], on the SYM
side of the PP-wave/SYM correspondence the Feynman diagram looks like the second
type. This leads them to make a proposal for the contact term and investigate the Z3
twist field carefully. However, in order to match with the SYM calculation, on the light-
cone superstring field theory side [4][5] we also have to consider the contribution somewhat
similar to the first type. This type of terms corresponds to the interaction where one string
splits into two and these two strings joins into one again at the same interaction point.
The third type is trivial. Since two operators in the OPE of Q1 relate to different string
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bits, there is no singularity appearing in the OPE. Therefore, this type of contact term
should be vanishing.
Let us concentrate on the first type {Qα˙1(kl), Qβ˙1(kl)}. Note that since our Hamiltonian
and supercharges, (3.2) and (3.4), are not written in the expression of conserved charges
(3.5), we cannot deform the integral contour arbitrarily. However, we are considering the
commutation relation at the same radius. Hence, apart from the contribution where two
operators are close to each other, two integral contours in the commutation relation should
cancel each other. Therefore, we are allowed to consider the OPE of these operators. The
leading OPE are read off from the dimensions:
[στ¯ i](z, z¯) · [στ¯ j](0, 0) ∼ δ
ij
2zz¯2
+O(z0),
Σα˙(z) · Σβ˙(0) ∼ δ
α˙β˙
z
+O(z0),
Σ¯i(z¯) · Σ¯j(0) ∼ δ
ij
z¯
+O(z¯0).
(5.1)
The subleading orders are also relevant after multiplying the twist fields and the spin fields.
We would like to integrate these OPE over z and w and find exactly the commutator
{Qα˙1(kl), Qβ˙1(kl)}. However, there are some problems. First of all, as we have noted, we
cannot deform the contour arbitrarily. Therefore, the commutators at the same radius
will depend on the regularization. At present we do not have a good principle to choose
the regularization. A natural one may be to encircle the singularity after cancelling the
contribution where two operators are separated far away, as the usual contour deformation
technique. If we adopt this regularization, the second problem appears. The integration
of the most singular term
∫
0
dw
2pii
∫
w
dz
2pii
z¯3/2w¯3/2
1
(z − w)2(z¯ − w¯)3 , (5.2)
gives divergent contribution. We need an interpretation for it.
This divergence in {(Q1)(kl), (Q1)(kl)} may not be surprising. We can perform a
similar calculation in the PP-wave string field theory. When we match two geometrical
interaction vertices |V 〉, we need the formula:
exp
(
1
2
aNa
)
exp
(
1
2
a†Ma†
)
|0〉 = 1√
det(1−MN) exp
(
1
2
a†M
1
1−NM a
†
)
|0〉. (5.3)
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However, if we take the mass parameter µ of the PP-wave background to infinity, these
matrices M,N are the same orthonormal matrices. Therefore, it looks singular in this
limit.
The situation for the second type {(Q1)(kl), (Q1)(lm)} is more complicated. Even
thought it is easy to guess the OPE between the twist fields [σσ¯](kl) and [σσ¯](lm) from the
multiplication of the permutation group (kl)(lm) = (klm) and the dimension counting, it
is not so easy to calculate the OPE of the excited twist fields [στ¯ i](kl)(z, z¯) · [στ¯ j](lm)(0, 0)
because they are excited by different fields.
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Appendix A. OPE of twist fields
In this appendix, we shall show the first line of (4.6). We begin with showing
∂X i(z) · [σσ¯](0, 0) ∼ η
∗
√
z
(
[τ iσ¯](0, 0) +O(z)
)
, (A.1)
with no excitations by the anti-holomorphic bosons. For this purpose let us consider the
four point function 〈[σσ¯](z1, z¯1)∂X i(z2)∂Xj(z3)[σσ¯](z4, z¯4)〉. By taking two bosons ∂X i(z)
close to two twist fields [σσ¯](z, z¯), respectively, we can read off the above OPE.
The calculation of the four point functions 〈[σσ¯](z1, z¯1)∂X i(z2)∂Xj(z3)[σσ¯](z4, z¯4)〉 is
standard and can be found, for example in the textbook [19]. Since it will also be necessary
in the next appendix we shall recapitulate it briefly in the following.
Using the OPE of bosons (4.2) and the mode expansion of bosons in the twisted sector
i∂X i(z) =
∑
r∈Z+1/2
αr
zr+1
, (A.2)
we find the commutation relation is unchanged as in the untwisted sector
[αir, α
j
s] = rδ
ijδr+s, (A.3)
10
except that the indices run over half-integers now. Hence, we can compute the two point
function in the twisted sector
AP〈0|∂X i(z2)∂Xj(z3)|0〉AP = −
√
z2/z3 +
√
z3/z2
2(z2 − z3)2 δ
ij , (A.4)
where |0〉AP denotes the anti-periodic twisted ground state [σσ¯](0, 0)|0〉. In other words,
this quantity can be interpreted as the four point function,
lim
z1→∞,z4→0
z1z¯1〈[σσ¯](z1, z¯1)∂X i(z2)∂Xj(z3)[σσ¯](z4, z¯4)〉. (A.5)
Restoring the dependence on z1 and z4 from the general argument of four point functions
in two dimensional CFT, we can rewrite the previous results in a more democratic way:
〈[σσ¯](z1, z¯1)∂X i(z2)∂Xj(z3)[σσ¯](z4, z¯4)〉 = − 1
z14z223z¯14
√
z13z24
z12z34
(
1− z14z23
2z13z24
)
δij , (A.6)
with zij ≡ zi − zj .
Now let us take the limit |z12|, |z34| ≪ |z14| in (A.6).
〈[σσ¯](z1, z¯1)∂X i(z2)∂Xj(z3)[σσ¯](z4, z¯4)〉 ≃ − δ
ij
2z214z¯14
√
z12z34
. (A.7)
This means that if we choose the excited twist field [τ iσ¯](z, z¯) to correspond to the state
αi−1/2|0〉AP, then we have the OPE (A.1) and
[τ iσ¯](z, z¯) · [τ j σ¯](0, 0) ∼ δ
ij
2z2z¯
+O(z−1). (A.8)
As is obvious by repeating the same calculation, this calculation does not depend on
the excitations by anti-holomorphic bosons α¯ir. Therefore, we can rewrite the previous
result symbolically as
∂X i(z) · σ(0) ∼ η
∗
√
z
(
τ i(0) +O(z)
)
. (A.9)
The first line in (4.6) is shown in this way.
Appendix B. OPE of excited twist fields
This appendix is devoted to the second line of (4.6). As in the previous appendix,
this calculation also does not depend on the excitations by anti-holomorphic bosons α¯ir.
Therefore we drop the anti-holomorphic dependence from the beginning. Note again that
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this is purely symbolic notation. In other computations the holomorphic part and the
anti-holomorphic part do not decouple in general.
Since the excited twist field τ i(z) corresponds to αi−1/2|0〉AP, the four point function
lim
z1→∞,z4→0
z21〈τ i(z1)∂Xk(z2)∂X l(z3)τ j(z4)〉, (B.1)
can be calculated as
AP〈0|αi1/2∂Xk(z2)∂X l(z3)αj−1/2|0〉AP
= −1
4
√
z2/z3 +
√
z3/z2
(z2 − z3)2 δ
ijδkl − 1
4
√
z2/z3
z2z3
δikδjl − 1
4
√
z3/z2
z2z3
δilδjk.
(B.2)
Again from the general arguments of four point functions, we can rewrite it into
〈τ i(z1)∂Xk(z2)∂X l(z3)τ j(z4)〉
= −1
4
√
z13z24
z12z34
{(
1 +
z12z34
z13z24
)
δijδkl
(z14z23)2
+
δikδjl
z12z34z13z24
+
δilδjk
(z13z24)2
}
.
(B.3)
As in the previous appendix, we consider the OPE of ∂X i and τ j . Note that, from
the Lorentz symmetry and dimension analysis, terms that we can have in the operator
expansion should be restricted to δijσ/z3/2, δij∂σ/z1/2 and (τ ij−∂σ/4)/z1/2 up toO(z1/2).
Here τ ij corresponds to αi−1/2α
j
−1/2|0〉AP and the subtraction in the last term comes from
the traceless condition. Note that the derivative ∂σ is the descendent of the twist field
L−1σ, hence this field corresponds to (1/2)α
i
−1/2α
i
−1/2|0〉AP. These correspondence implies
the OPE
∂σ(z) ·
(
τ ij − δ
ij
4
∂σ
)
(0) ∼ 0 +O(z−4),
(
τ ik − δ
ik
4
∂σ
)
(z) ·
(
τ jl − δ
jl
4
∂σ
)
(0) ∼ δ
ikδjl − 4(δijδkl + δilδjk)
16z3
+O(z−4).
(B.4)
In order to determine the coefficients, let us take the limit |z12|, |z34| ≪ |z14| again in
(B.3):
〈τ i(z1)∂Xk(z2)∂X l(z3)τ j(z4)〉 ≃ − 1
4z14(z12z34)3/2
×
(
δikδjl
(
1 +
1
2
z12
z14
+
1
2
z34
z14
+
1
4
z12z34
z214
)
+ δijδkl
z12z34
z214
+ δilδjk
z12z34
z214
)
,
(B.5)
and read off the coefficients from this expansion. The result is
∂X i(z) · τ j(0) ∼ η
∗
√
z
(
δij
2z
σ(0) +
δij
4
∂σ(0) +
(
τ ij − δ
ij
4
∂σ
)
(0) +O(z)
)
. (B.6)
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Appendix C. OPE of spin fields
In this appendix, we shall calculate the OPE of spin fields, the last one in (4.6),
θα(z) · Σi(−z) ∼ η
∗
√
4z
(
γiαα˙Σ
α˙(0) + 〈?〉zuiα
α˙β˙γ˙
: Σα˙Σβ˙Σγ˙ : (0) +O(z2)
)
. (C.1)
The method adopted in this appendix is completely different from the previous two appen-
dices. Since we can represent the spin fields by free bosons, our strategy is first to restrict
terms which can appear in the expansion and then identify the coefficients by calculating
the OPE of some typical terms with the free field realization.
Let us consider γiαα˙θ
α(z) ·Σi(−z) for the evaluation of (C.1). Since only terms having
the same Lorentz indices and correct conformal dimensions can appear in the expansion,
the possible terms up to O(z3/2) are restricted to
1√
z
Σα˙,
√
z∂Σα˙,
√
ztii
α˙β˙γ˙δ˙
Σβ˙Σγ˙Σδ˙, (C.2)
with tij
α˙β˙γ˙δ˙
defined by
tij
α˙β˙γ˙δ˙
= γik
[α˙β˙
γjk
γ˙δ˙]
. (C.3)
Since tij
α˙β˙γ˙δ˙
is traceless, the last term vanishes identically.
We have only to determine the coefficient of each term by the free field realization. If
we combine the real fermions into complex ones as
ΘA ≡ 1√
2
(θA + iθA+4), ΘA¯ ≡ 1√
2
(θA − iθA+4),
SA ≡ 1√
2
(Σ2A−1 + iΣ2A), SA¯ ≡ 1√
2
(Σ2A−1 − iΣ2A),
SA˙ ≡ 1√
2
(ΣA˙ + iΣA˙+4), S ˙¯A ≡ 1√
2
(ΣA˙ − iΣA˙+4),
(C.4)
these complex fermions are realized in terms of free bosons φA(A = 1, . . . , 4) by,
ΘA = eiq
A
B
φB , ΘA¯ = e−iq
A
B
φB , SA = eiφA , SA¯ = e−iφA , SA˙ = eiqA˙BφB , S ˙¯A = e−iqA˙BφB ,
(C.5)
with
q1 =
1
2
(1, 1, 1, 1), q2 =
1
2
(1, 1,−1,−1), q3 = 1
2
(1,−1, 1,−1), q4 = 1
2
(1,−1,−1, 1),
q1˙ =
1
2
(−1, 1, 1, 1), q2˙ = 1
2
(1,−1, 1, 1), q3˙ = 1
2
(1, 1,−1, 1), q4˙ = 1
2
(1, 1, 1,−1).
(C.6)
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All the coefficients are determined by considering various examples of the OPE with
the free field realization. For example, to have eiq
1˙
B
φB we need to consider,
eiq
1
B
φB (z) · e−iφ1(−z) ∼ eiq1˙BφB
(
1 + iz∂(q1Bφ
B + φ1)(0) +O(z2)
)
,
e−iq
2
B
φB (z) · eiφ2(−z) ∼ eiq1˙BφB
(
1 + iz∂(−q2BφB − φ2)(0) +O(z2)
)
,
e−iq
3
B
φB (z) · eiφ3(−z) ∼ eiq1˙BφB
(
1 + iz∂(−q3BφB − φ3)(0) +O(z2)
)
,
e−iq
4
B
φB (z) · eiφ4(−z) ∼ eiq1˙BφB
(
1 + iz∂(−q4BφB − φ4)(0) +O(z2)
)
.
(C.7)
Summing over the RHS, we find the coefficient of z∂Σα˙ also vanishes. Our goal of this
appendix (C.1) follows in this way.
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